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ABSTRACT
In Computer-Aided Design (CAD), parametric curves enable
the creation of arbitrary yet controllable shapes. During
sketching, designers often apply geometric constraints such as
fixed points or tangency, leading to non-linear systems that
are costly to solve in real time. This work presents a lin-
ear matrix formulation for enforcing directional tangency con-
straints without optimization algorithms. The method was im-
plemented in Python and C++, and integrated into a commer-
cial turbomachinery design tool to maintain blade-edge tan-
gency constraints interactively.

I. INTRODUCTION
Any parametric curve, such as a B-Spline or Bézier, can be
expressed as

C(u) =

n∑
i=0

Ri,p(u)Pi

Where u is the parameter, Ri,p is the coefficient for ith point
for degree p curve. Pi with i = 0, 1, ..., n are the control points
with Pi = (xi, yi) for two-dimensional case. Matrix notation
for this equation can be expressed as,

C(u) = R(u)P

Where R(u) = [R0,p(u), R1,p(u), ..., Rn,p(u)] and P =
[PT

0 ,P
T
1 , ...,P

T
n ]

T .

II. LITERATURE REVIEW
Suppose that we are given a set of parameter values {ur} , r =
1, ..., R and required displacements (whether point or tangent)
at those parameter values

{
∆D

(k)
r

}
Assume that when we

provide the displacements at the control points ∆Pi, we ob-
tain the desired displacements at targeted points. Then,

∆P = BT (BBT )−1∆D (1)

gives the minimum norm solution that minimizes the com-
bined movement of the control points adhering to the given set
of constraints. Where B ∈ RR×N is the coefficient matrix that
connects the control point displacements to the displacements
at the targeted points. Each row of B corresponds to a con-
straint at a parameter value ur and each column corresponds
to a control point displacement component (either x or y). The
entries of B are derived from the basis functions evaluated at
the parameter values. A full derivation of this formulation can
be found in [1] which based their work on [2].

III. METHODOLOGY
A. Start and End tangency constraint
For a Bezier curve, the start tangent is always in the direction
of the first 2 control points while the end tangent is in the di-
rection of last two control points. This property also holds for
B-Splines with uniform knots. We can exploit this property to
manipulate start and end tangencies of these parametric curves.

Given that the start tangent should be Ts, from the property
above we can derive an expression connecting locations of first

point P1 and second point P2.

P2 = P1 + tsTs

Where ts is the parameter that the start tangent vector get
scaled by to reach the second point. Since we are dealing with
the change in control point location,

∆P2 = ∆P1 +∆tsTs

Then we can define a new displacement vector ∆̃P ∈ R2(N−1)

that excludes ∆P2 as an independent variable and enforce the
constraint using,

∆P′ = A∆̃P+Ts∆tse2

Where A ∈ R2N×2(N−1) is the matrix that duplicated ∆P1

into the second row while e2 is the unit vector that takes ∆tsTs

into the second row to get added to ∆P1 to finally create ∆P2.
An expanded form is given below where I2 is the 2×2 identity
matrix.

∆P1

∆P2

...
∆PN

 =


I2 0 . . . 0
I2 0 . . . 0
...

...
. . .

...
0 0 . . . I2


∆P1

...
∆PN

+∆tsTs


0
I2
...
0


After this modification, we can substitute new ∆P′ into the
matrix equation.

∆PA∆̃P+Ts∆tse2 ⇒


∆P1 = ∆P1,

∆P2 = ∆P1 +Ts∆ts,
...
∆PN = ∆PN .

Now, substitute into the constraint equation:

B∆P = ∆D =⇒ B(A∆̃P+Ts∆tse2) = ∆D.

Rearranging,

(BA)∆̃P+ (Be2)Ts∆ts = ∆D

Let us define:

B̃ = BA, c = (Be2)Ts

Then the system becomes:

B̃∆̃P+ c∆ts = ∆D

This is still a linear system,[
B̃ c

] [∆̃P
∆ts

]
= ∆D

Equivalently in compact block notation:[
Bred 0 cx

0 Bred cy

]∆xred

∆yred

∆ts

 =

[
∆Dx

∆Dy

]
,

where Bred ∈ RR×(N−1) is B with column 2 removed,
cx, cy ∈ RR. Now we can obtain the minimum-norm (row-
space) solution:

x⋆ = BT
block

(
BblockB

T
block

)−1
b,
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B. Directional tangency constraint
According to the system of equations formulated earlier, to ap-
ply a tangency constraint, the required tangent vector displace-
ment at the point is required. Which means both direction and
the magnitude of the tangent vector at the location can be ma-
nipulated as needed.

D(1)
new = D

(1)
old +∆D(1)

However, this isn’t required in traditional CAD applications.
Often when we apply a tangency constraint, the aim is to align
the the tangent vectors in the same direction. This only en-
forces a directional constraint and not a magnitude constraint.
This is important because directional tangency constraint only
reduces the DOF of the system by 1, giving more freedom to
find a solution. Given that that target tangent vector at u = ur

is Tt, then D
(1)
new(ur) should be parallel to Tt. Then their cross

product must be equal to zero. i.e.

D(1)
new(ur)×Tt = 0

In matrix notation, we can use 2D 90◦ rotation matrix A to
rotate Tt and perform dot product to get the same result.

(D(1)
new)

TATt = 0 with A =

[
0 1
−1 0

]
Substituting for D(1)

new,

(D
(1)
old +∆D(1))TATt = 0

We know that ∆D(1)(ur) =
∑n

i=0 R
′
i,p(ur)∆Pi and we can

express this in terms of its corresponding row in overall coef-
ficient matrix B −→ Bt and the vector ∆P as ∆D(1)(ur) =
Bt∆P. Use the row extraction matrix Et ∈ R1×R to obtain
Bt ∈ R1×N .

Bt = EtB with Et =
[
0 . . . 0 1 0 . . . 0

]
Then the constraint becomes,

(D
(1)
old (ur) +Bt∆P)TATt = 0

Move known term to RHS and apply the transpose to the
bracketed term.

(Bt∆P)TATt = −(D
(1)
old (ur))

TATt

After taking the transpose of the full equation and simplified,
we get the following relation.

Tt
TATBt∆P = −Tt

TATD
(1)
old (ur)

This forms a new equation in the form of Btan∆P = btan
with,

Btan = Tt
TATBt and btan = −Tt

TATD
(1)
old (ur)

Now we can generalize this, for any Rt number of tangency
constraints with,

Btan =

 TT
1 A

TBt,1

...
TT

Rt
ATBt,Rt

 btan = −


TT

1 A
TD

(1)
old (u1)

...
TT

Rt
ATD

(1)
old (uRt

)


Then the combined system becomes (with other M number

of constraints), [
B
Btan

]
︸ ︷︷ ︸

Bm∈R(M+Rt)×2N

∆P =

[
∆D
btan

]
︸ ︷︷ ︸

∆Dmodified∈RM+Rt

Then the minimum-norm solution:

∆P⋆ = BT
m(BmBT

m)−1∆Dmodified

Figure 1: Blade editor interface with LE curve tangent to both
PS,SS curves and stream surface boundary.

C. Unified formulation of both constraints
These two results can be combined to form a single system that
can handle both start/end tangency constraints and directional
tangency constraints at arbitrary parameter values. If any point
has to be fixed, that can be handled by adding coefficient zero
to respective columns.

IV. RESULTS
The blade editor interface using Python is shown in Fig. 1.
The leading edge and trailing edge curves are constrained to
be tangent to the specified directions (taken from pressure side
and suction side curve end tangent vectors) at the start and
end points respectively. The solver successfully maintains tan-
gency constraints in real time, demonstrating its effectiveness.

V. CONCLUSION
A compact linear formulation for enforcing start/end and di-
rectional tangency constraints in parametric curves was pre-
sented. While this work focuses on 2D constraints, these pla-
nar curves act as cross-sections that are lofted span-wise to
generate the full 3D blade surface, ensuring smooth transitions
along the blade height. Its successful integration into a turbo-
machinery blade design tool demonstrates both accuracy and
computational efficiency.
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